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Abstract 

It is shown that local symmetry transformations of the maximal AdS 
supergravity in seven-dimensional anti de Sitter space induce those of 
the A^ = (2, 0) conformal supergravity on the six- dimensional bound- 
ary at infinity. Boundary values of the AdS supergravity fields form a 
supermultiplet of the conformal supergravity. 



* e-mail: tanii@post.saitama-u.ac.jp 



1. Introduction 

In the AdS/CFT correspondence JI], ||, |[ (For a review see, e.g., ref. 0].) a 
supergravity in {d + l)-dimensional anti de Sitter space is dual to a conformal field 
theory on d- dimensional boundary at infinity. Boundary values of supergravity fields 
play a role of sources for operators of the conformal field theory @, ^ . It was noted 
in refs. [^, |^ that these boundary fields should form supermultiplets of a conformal 
supergravity in d dimensions. Conformal supergravities are theories which have 
Weyl and super Weyl symmetries in addition to local symmetries of the Poincare 
supergravities. 

In refs. [^ || we explicitly showed such a relation between AdS supergravities 
and conformal supergravities in the case of three-dimensional anti de Sitter space. 
It was shown that local symmetry transformations of the bulk AdS supergravi- 
ties induce local transformations of the boundary fields, which coincide with those 
of two-dimensional conformal supergravities. In particular, Weyl and super Weyl 
transformations on the boundary are generated from general coordinate and super 
transformations in the bulk. Thus, the boundary fields form a supermultiplet of 
the conformal supergravities. A relation between local symmetries in the bulk and 
those on the boundary is also discussed in ref. 0. 

The purpose of this paper is to study a similar relation between an AdS super- 
gravity and a conformal supergravity in the case of seven- dimensional anti de Sitter 
space. It is shown that local transformations of the maximal AdS supergravity in 
seven dimensions ||10| induce those of the A^ = (2,0) conformal supergravity in six 



dimensions [11| on the boundary. The seven-dimensional maximal supergravity ap- 
pears in a compactification of the M-theory on AdSr x S^ [|12| , which corresponds to 
a configuration of A^ M5-branes in the large A^ limit |]l[ . A new feature in this case 
is the presence of third rank antisymmetric tensor fields in the seven-dimensional 



supergravity. They satisfy a so-called "self-duality in odd dimensions" |T3[ by field 
equations. We show that they become self-dual antisymmetric tensor fields of the 
six-dimensional conformal supergravity on the boundary. 

As in refs. [|^ || we partially fix the gauge for local symmetries in the bulk. Our 
gauge choice is a sort of axial gauge, in which the direction normal to the boundary 
is distinguished. We first obtain boundary behaviors of all the fields and the gauge 
transformation parameters after the gauge fixing by field equations and residual 
symmetry equations. Substituting them into the local symmetry transformations 



we obtain the conformal supergravity transformations on the boundary. 



2. Maximal AdS supergravity in seven dimensions 



The field content of the maximal AdS supergravity in seven dimensions |T^ is 



a vielbein cm"^, Rarita-Schwinger fields i/jf^, real third rank antisymmetric tensor 
fields Smnpj, S0(5)g vector fields Emj"^ , spin | spinor fields A" and scalar fields 
II/*. We denote seven- dimensional world indices as M, N, ■ ■ ■ = 0, 1, ■ ■ ■ , 6 and local 
Lorentz indices as ^, S, ■ ■ ■ = 0, 1, ■ ■ ■ , 6. The indices I, J,- ■ ■ = 1, ■ ■ ■ , 5 are vector 
indices of S0(5)g, while i,j,--- = 1, ■ ■ ■ , 5 and a, /?, ■ ■ ■ = 1, ■ ■ ■ , 4 are vector and 
spinor indices of S0(5)c respectively. 80(5)^ and S0(5)c are local symmetries of the 
theory, which will be discussed later. The fiat metric is tjab = diag(— 1, +1, ■ ■ ■ , +1) 
and the totally antisymmetric tensor e^^i"^^ jg chosen as e°^^^^^^ = +1. We need two 
kinds of gamma matrices: 8x8 matrices 7^ for the seven-dimensional Lorentz group 
S0(l,6) and 4 X 4 matrices t' for S0(5)e satisfying {7^, 7-^} = 2??^^, {t\ t^} = 26't 
7's and r's with multiple indices are antisymmetrized products of gamma matrices 
with unit strength. In particular, we have j^'^'"^'^ = _£^i--^7_ 'jj-^g Dirac conjugate 
of a spinor -0 is defined as -0 = ifjH'j^. The spinor fields satisfy a symplectic Majorana 
condition ip°' = fi^^C-^J, where C = C^ and Q = —Q^ are charge conjugation 
matrices of S0(l,6) and S0(5)c satisfying 

c-'^^c = -(7^)^, n-'r'n = {tY. (1) 

The spinor fields A" also satisfy the S0(5)c irreducibility condition {T^pXl = 0. 
The scalar fields H/ satisfy detn/ = 1, i.e., W e SL(5, R). By the local 80(5)^ 
symmetry physical degrees of freedom of the scalar fields parametrize a coset space 
SL(5, R)/S0(5)c. 

The Lagrangian is given by 



+8m^e {ll-\' Smnpj)' + ^^me''^^^^'^ Smnp^Fq^st' 
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+ ^eV'M7'^''7'''^.A,i^;vp"n/ny + ^eA,rVHrS^^^A,FMJv"n/nj' 

--i=2meA^7*'^'^^^A,n-i/5M7VP,/ + t^^sI^] - ^^^slB] 
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I 1 MNPQRST^ jrljq I jp J1J2 p J3J4 j_ (r,\ 

where we have put the gravitational constant as SirG = 1, m is a positive constant 
and the dots denote four-fermi terms. The quantities in eq. (0) are defined as follows. 
From the scalar fields we define 

PM{ij) + QM[ij] = (n~ )i [pM^Ij + SuiBmI Hjj j , 

T,, = iU-')/{U-')/6jj, T = T,,S'^, (3) 

where (ij) and [ij] are symmetric and antisymmetric parts. The field strengths of 
the vector fields and the antisymmetric tensor fields are 

Fmn/ = OmBn/ + %mBM/BN,K' - (M ^ iV), 
Fmnpq,i = ^D[mSnpq]i- (4) 

The S0(5)g gauge coupling constant is 8m. The covariant derivative Dm contains 
the S0(5)g gauge field Bmi"^ and the composite S0(5)c gauge field Qm[jj] as well as 
the spin connection u>m^^ , e.g., 

DmX? = (dM + ^a;A/^7AB) A^ + Qm^^^ + ^QA/'(r,fc)";3Af . (5) 

Finally, fi3[i?] and fisf-B] are Chern-Simons terms satisfying in the differential form 
language 

dn^lB] = 8tr(F^), dQslB] = 8tT{F^)tT{F^). (6) 



The Lagrangian (|^) is invariant under general coordinate, local Lorentz, local 
S0(5)g, local S0(5)c and local super transformations up to total derivative terms. 
Note that there are neither Weyl nor super Weyl symmetries in the bulk of seven- 
dimensional spacetime. The bosonic transformations are 

SSmnp,! = C dq^MNP,! + 3(9[pf Smn]q,i — di Smnp,j, 
SBm'' = edNBu'' + dueBN'' + 0^0'', 

m/ = e'duW - Oi'W - v',W, (7) 

where i^{x), \^^{x) = -A^^(x), 9^-^{x) = -6-^\x) and v''^{x) = -v^\x) are 
transformation parameters of general coordinate, local Lorentz, 80(5)^ and S0(5)c 
transformations respectively. Note that there is no antisymmetric tensor gauge 
symmetry for Smnpj, which satisfy the "self-duality in odd dimensions" |T^ by 
field equation. 

The local supertransformations are 

5^M = Due + ^-mT-fMe - ^{Im'''' - 8(5f,7'')T.,eF^p"n/ny 

+ ^^m [im'^'^ - ^5f,7^«) r^eIi-\^ S^pq, + ■ ■ ■ , 

/3 
5Smnp,i = —i (3e7[AfArrVp] - ^7mnp>^J ^'^u 
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zm7^^^^ (V - 45^) eU-'/SMNP,i + \l''T^tPMi^ + ■■■ 



SU/ = ^n/ {eTjX' + er'Xj) , (8) 

where the dots denote three-fermi terms, which we ignore in the following. The 
transformation parameter e"(x) satisfies the symplectic Majorana condition. 



3. Boundary behaviors of the fields 

We partially fix the gauge for the local symmetries (^ and (^. The seven- 
dimensional AdS space is represented as a region r = x^ > in R^ with coordinates 
x^. The boundary of the AdS space corresponds to a hyperplane r = and a point 
r = CO. We choose the gauge fixing condition as 



2mr ' 



0, e^6 = 0, 



ijjr = 0, B/^ = 0, n' = n, (9) 

where fi,u,- ■ ■ = 0, ■ ■ ■ , 5 and a,b,- ■ ■ = 0, ■ ■ ■ , 5 are six-dimensional world indices 
and local Lorentz indices respectively. The metric in this gauge has a form 



M 7 Af 



KAJtij xAiJij 



Qmn = Tz T^ {dr'^ + dx^dx^g^^ . (10) 



The SO (6,2) invariant AdS metric corresponds to the case Qf^u = Vi^u but we consider 
the general ^^,y. We define Cfj^" by g^u = e.ti^'fiJ'Tiab- An SO(6,2) invariant field 
configuration 

9^,u = Vt^v, W = S}, other fields = 0. (11) 

is a solution of field equations derived from the Lagrangian (0). 

Let us obtain asymptotic behaviors of the fields near the boundary r = 0. The 
boundary conditions are chosen such that they are consistent with these boundary 
behaviors. We assume that the vielbein e^" behaves as r~^ just as in the SO(6,2) 
invariant case ([Tl|) . Boundary behaviors of other fields are determined by their field 
equations. For the scalar fields 11} we first expand them around the background 
(ini)as 

n/ = (e^)/ = si [6; + 0/ + ^0/0,^ + O(03)) , (12) 



where (pij = (pji and 0j* = 0. Near the boundary r = the hnearized field equation 
for the scalar fields in the background (0) is 

r'^dr {r~^dr(j)) + 80 = 0. (13) 

Assuming (p r^ r"^ for r — > 0, we obtain two independent solutions: (p r^ r"^ and (j) r^ r^. 
The solution regular in the bulk is a linear combination of these two solutions and 
its boundary behavior is determined by a solution which becomes larger near the 
boundary, i.e., ~ r^. The same reasoning can be applied to other fields discussed 
below. For the vector fields Bm the linearized field equation is 

dr {r~^drB^) = 0. (14) 

We find two solutions: B^ ~ r'' and B^ r^ r^. 

For the antisymmetric tensor fields Smnp the linearized field equation is 

yiNPQ^-Q.p^^ ^^ + 16me5^^^^ = 0. (15) 

By the (MNP) = {r^v) components of this equation the components Srp.v can be 
expressed by using S^^p as 

9 — — — f riP^'^^ ■ ■ ■ nP^'^'^ rl, 9 i (^(^\ 

'-'r^j.u ^„'^fii^pi--p4'l '/ '-'lo-i'-' 0-20-30-4] • V-^^/ 

Therefore they are not independent degrees of freedom and behave as Srfj,u ~ '"'^^^ 



when Sp^p ~ r^. The (MNP) = {jj-vp) components of the field equation (|I5]) become 



2 ~ 

C'r>^Hi/p >^ni/p ~ 'iCl[p'^up]r = U, (1 ' j 



where the dual of S'^^^p is defined as 
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^pup Qi '^'=/i!^poio2 03y y y ^AiA2A3- 



To solve this equation we introduce self-dual and anti self-dual parts of Sp^p as 
S"^^^ = I (Spup^Spiyp). Then we find two solutions: 5"^^^ ~ r°, 5*^^^ ~ r~^ and 

'■^pup 1 '-^pup ' ■ 



For spinor fields A the linearized field equation is 

drX - |:(2 - 76)A + Tg^^mA = 0. (19) 

We define the projections A-t = | (1 ± •Jq) A. Note that Jq = —7^7^ ■ ■ ■ 7^ is the six- 
dimensional chirality matrix and A+, A_ are Weyl spinors. We obtain two solutions: 
A_|_ ~ ra, A_ ~ r2 and A+ ~ r~ , A_ ~ r2. For the Rarita-Schwinger field iJjm the 
linearized field equation is 

Y" {dr^Pu - ^(4 - 576)^.) - ler^'d^^p = 0- (20) 

We find two solutions: '?/'^+ ~ r~2, ipfj__ ~ rz and ■0^+ ~ r~ , 'il)^_ ~ ra. 

Knowing these boundary behaviors of the fields we impose Dirichlet type bound- 
ary conditions as 



e,/ ~ (2mr)-ieo/, iP^^ ~ {2mr)-^o^.+ . S^-J. ~ r-^sH 



a 

~ ■ ■ ' •■- '•'■ _.., ^, , ^^ 

fiup ^Upvp^ 

3. , _ .2, 



B^ ~ So^, A+ ~ (2mr)5Ao+, </> ~ (2mr)>o, (21) 

where $0 = {^op"'-, "^0/^+5 S^plp-, -Bo^, Ao+, 0o) are arbitrary functions on the boundary. 
Note that we imposed the boundary conditions on only half of the components for 
i^p.) S^up and A since their field equations are first order [|14|, |^. Other components 



of the fields are expressed by the functions $0 by using the field equations. The 
fields $0 coincide with the field content of the (2,0) conformal supergravity in six 
dimensions []rT|. The precise relation between $0 and the fields of the conformal 



supergravity will be given below. 



4. Local symmetries on the boundary 

We now study how the fields on the boundary $0 transform under residual symme- 
try transformations after the gauge fixing. We first obtain the residual symmetries, 
which preserve the gauge conditions (H). By solving differential equations obtained 
by taking variations of the gauge conditions (^ under the transformations (|^), (||) 



we find parameters of tlie residual symmetry transformations near the boundary 
r = as 

r = -rAo, 

Kb = Aoafe + C»(r'), 
6»" = ^o" + 0(r2), 

e± = (2mr)^5 W^^ + ^(r^)] , (22) 



wliere Aq, ^q > Aoab, Qq = (^o^'^S}Sj and eo± are arbitrary functions of x'^ (/i = 0, • ■ ■ , 5). 
Order 0{r) and 0{r^) terms are non-local functionals of these functions and the 
fields $0. 

Substituting eqs. (pTf), (^2]) into eq. (|^) and taking the limit r ^ we find the 
bosonic transformations on the boundary as 

S^Ofi"' = AqCo^'^ + i^dyCQ^"' + df^C.^GQi^"' — Ao"f,eo;x , 

3 1 1 

^Aoj+ = — -AoAoi+ + ^QduXoi+ — tAo" 7afeAoj+ — 9q{^ Xqjj^ — —Oq-' TjkXoi+, 

^4>oij = ~2Ao(;/>oij + Codpfpoij — doi 4>okj ~ doj 0oifc- (23) 

The transformations with the parameters ^q, Aq, Aq^ and 9q represent general co- 
ordinate, Weyl, local Lorentz and SO (5) gauge transformations in six dimensions 
respectively. In particular, seven- dimensional general coordinate transformation in 
the direction M = r became six- dimensional Weyl transformation. Weights of the 
Weyl transformation are determined by the powers of r appearing in the boundary 
behaviors of the fields (|21|). The weights given in eq. (^) are consistent with those 
of the conformal supergravity [rT|. 



On the other hand, substituting eqs. (PID, ( P^D into eq. (|]) and taking the limit 



r — i> we find the ferinionic transformations on tlie boundary as 



f^eo^" = -eo+7>OM+, 



■ -i.ypo-^, ^ q{~) 






12 
-^^^o[^ (eo+r,7o.^op]+) , 

5So^^-'' = -eo+T^-'V^OA.- + Teo-r^Vo/.+ + -eo+rV*^7o^Aofc+, 
4 4 o 

-A/3im f (5f - T^iT^) lo^eo+ Spiypr,: 

S<Poij = 2 (eo+T(iAoj)_ + eo-T"(jAoj)+) , (24) 

wliere Sq^I^^ = Sq'Ipj^^, -Bq^*"' = -Bq^^"*'^"-' • Tlie underlined fields are not indepen- 
dent fields on the boundary but can be expressed by the fields $o- The transfor- 



•j' 



mations (|2^) are actually equivalent to those of the conformal supergravity |[TT| . To 
see the equivalence we redefine the fields as 

y/^' = -8m5o/^ Xi^ = 15mXoi+\ Aj = -l20m^(l)oij (25) 

and the transformation parameters as 

e = eo+, f/ = 2meo-. (26) 

By dropping tildes on the fields to avoid unnecessary complications in equations we 
obtain the transformations for fermionic residual symmetry as 

K" = ^e7>M, 

10 



1 1 

Sxi = -^r^eDi, - — (^Tj^t, - -r,r,fe) l^'eR^.^^V) 

5Dij = er^iYT^^Xj) - '^V^iXj), (27) 

where 



12 



i?^,(g) = i?;,(Q)+27[^0,], 

(28) 

To obtain eq. (^) we have used field equations derived from the Lagrangian (0) to 
express the underhned fields in eq. (|2^) as 



^0.- = ^0., Ao.- = l^^^l'-^.X^. So,.r, = ^^-^W^T,^,,. (29) 



The transformations (|27|) coincide with those in the conformal supergravity III . 
The transformations with the parameters e and rj represent local super and super 
Weyl transformations in six dimensions respectively. The bosonic transformations 
of the fields defined in eq. ( ^3]) are easily obtained from eq. (PB| ) and also coincide 
with those in the conformal supergravity. 

Thus, we have shown that boundary values of the fields in the maximal AdS 
supergravity in seven dimensions form a supermultiplet of the A^ = (2,0) conformal 

11 



supergravity in six dimensions, and that local symmetry transformations in the 
bulk induce local transformations of the conformal supergravity on the boundary. 
Using these results we can compute anomalies of local symmetries on the boundary 
as in the AdS3/CFT2 case Q and obtain Ward identities for correlation functions 
of the boundary conformal field theory. Weyl anomaly in a purely gravitational 
background was obtained in ref. 0]. The gauge anomaly is easily obtained from 



the well-known relation between the Chern-Simons terms and chiral anomalies |]16 
Super Weyl anomaly can be also obtained as in ref. [Q. 
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